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SET 9

MATH 543: PERTURBATION

Reference: David Logan.

About the uniform convergence of a perturbation series we have mainly the

following three definitions

Definition 1: Let f(t,e) and g{t,£) be defined for all t € I in some neigh-
borhood (or punctured neighborhood) of € = 0. We write

flt,e) = o(g{t,e)) ase — 0

fit.e€)
g(t,€)
pointwise on I. If the limit above is uniform on I, we write f{t,€) = o{g(t,e))

uniformly on I. If there ezists a positive function M(t) on I such that

lim =
£—0

[F(5 el < M(B)lg(t,€)]

for all t € I and € in some neighborhood of zero, then we write

flt,e) = O(g(t,€)) ase — 0, uniformly on I

Definition 2. A function y,{t,€) is a uniformly valid approzimation to o
function y(t,€) on an interval I ase — 0 if the error function E(l,€) defined

by
Blt,e) = y(t, e) — Yalt, €)

converges to zero as € — 0 uniformly for allt € 1



Definition 3. Let F{(t,y(&),¥'(t), -, €) be a differntial equation. We say
thal an approzimate solution y.(l,€) salisfies the differential equation uni-
formly for t € I as e — 0 if the residual error function r(t,e) goes to zero

r(t,€) = F(t,ya(t,€), Yy (t,€), - €) = 0
uniformly on I,

Problems:
(1) Let y' +y —ey®* = O for t > 0 with »(0) = 1. Find approximate
solutions (up to second order perturbation for instance) and discuss whether
the approximate solution is a uniformly valid solution.
(2) Let ¢ +y +ey® = 0 for £ > 0 with y(0) = 1, ¢/(0) = 0. Solve this
equation up to second order in e.
(3)Let ¢ + e(y)* +y = 0 for £ > 0 with y(0) = 1, #'(0) = 0. Find
a first order approximation of this problem and discuss the validity of the
approximation.
(4) Let y" — y = ety for t > 0 with 5(0) = 1, y'(0) = —1. Find a first order
approximation of the boundary value problem and discuss the validity of the
approximation.
(5) Use the Poincare’-Lindstedt method to obtain a two term (first order
perturbation) perturbation approximation to the following problems:
() " +y=ey()? v(0) =1, y{0) =0
(i) 3" + 9y = 3ey®, y(0) =0, ¥'(0) = L.
(i) y" +y=ey(l—y' 7% 9(0) =1, ¥ (0) =0
(6) Find a two term perturbation solution of

1
1+ey’

¥y +y=

for t > 0 with y(0) = 0 and € << 1. Compare with the exact solution and

discuss the validity of the approximation.



